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A statistical analysis of the laser excitation of cold and randomly distributed atoms to Rydberg
states is developed. We first demonstrate with a hard ball model that the distribution of energy
level shifts in an interacting gas obeys Le´vy statistics, in any dimension d and for any interaction
−Cp/R
p under the condition d/p < 1. This result is confirmed with a Monte Carlo rate equations
simulation of the actual laser excitation in the particular case p = 6 and d = 3. With this finding,
we develop a statistical approach for the modeling of probe light transmission through a cold atom
gas driven under conditions of electromagnetically induced transparency involving a Rydberg state.
The simulated results are in good agreement with experiment.
PACS numbers: 42.50.Gy,32.80.Ee
I. INTRODUCTION
Le´vy statistics applies to the description of a particu-
lar class of random walks obeying a ‘heavy-tailed’ prob-
ability distribution with power law dependence [1]. Le´vy
statistics has been studied in great details owing to its im-
portance in numerous scientific areas where such random
walks can occur, and where the long tail of Le´vy distri-
butions is essential for the prediction of rare events, be
that in chemistry [2], biology [3], or in economics [4, 5].
In physics, Le´vy statistics appears often as a result of
a complex dynamics, in various transport processes of
heat, sound, or light diffusions, in chaotic systems, and
in laser cooling where it has broad applications for sub-
recoil cooling techniques [1, 6–8].
It was shown long ago that in a gas the distribution of
energy shifts resulting from the Van der Waals interac-
tion is given by a Le´vy-type distribution, known as van
der Waals profile [9]. However, Le´vy statistics has so far
not been applied to ensembles of Rydberg atoms, typi-
cally interacting via pair-wise long-range potentials. Be-
ing able to simulate very large systems of interacting Ry-
dberg atoms with simple statistics would be very valuable
when the size of the Hilbert space becomes too large to
allow for an exact simulation of the quantum dynamics.
Moreover, a statistical approach to the simulation of the
laser excitation of atoms to Rydberg state would be sig-
nificantly faster than other approximate computational
techniques such as Monte Carlo rate equations (MCRE)
sampling [10–17]. Most importantly, any approach for
simulating the laser excitation must take into account
the effect of the interaction blockade [18–21]. The inter-
action blockade prevents the excitation of pairs of Ry-
dberg atoms with internuclear separations shorter than
the so-called blockade distance Db, which may give rise
to highly correlated many-body states and tends to favor
the excitation of ordered structures [16, 22–24]. As a con-
sequence, the dynamics of the excitation of atoms highly
depends on the shifts of the individual Rydberg energy
levels. For a given atom i and in case of isotropic in-
teractions, this shift due to all the surrounding Rydberg
atoms j at Rij distance writes in frequency unit,
νi =
∑
j
−Cp
Rpij
/h, (1)
where h is the Planck constant, and Cp is the interaction
strength coefficient. The most common interaction is of
van der Waals type with p = 6, while another possibil-
ity is the resonant dipole-dipole interaction p = 3, and
in practice both of them can be isotropic for well-chosen
experimental conditions. In order to develop a statistical
treatment of the laser excitation, it is critical to deter-
mine the probability distribution f (ν) of energy level
shifts νi0 , at any particular location i0 in the system.
The primary purpose of this article is to show that in
the case where this location i0 is chosen independently
from the position of any excited Rydberg atoms, f (ν) is
mostly given by Le´vy stable distributions, and that Le´vy
statistics is suitable for the description of the dynamics
of an interacting Rydberg gas. In section II, a general
statistical analysis of ensembles of interacting particles is
reported, valid when the space dimension d and the inter-
action exponent p satisfy the condition d/p < 1. In sub-
section IIA, we first remind the case of a randomly dis-
tributed and interacting gas of point-like particles. This
result is interesting for Rydberg atom physics if the band-
width of the laser excitation is sufficiently large, whereby
the blockade distance becomes vanishingly small in com-
parison to the interatomic distances. Then in subsec-
tion II B, we simulate f (ν) in the framework of the hard
ball model with random distributions of impenetrable
interacting particles of radii Db/2, for which the pair-
correlation function closely resembles the one obtained
considering the excitation dynamics of atoms to Rydberg
states [16]. We demonstrate with numerical simulations
that the distribution f (ν) remains of Le´vy stable type
to a very good approximation, and confirm this result
analytically at the limit of small Db. In section III, the
2actual laser excitation of a cold gas to Rydberg state
is studied specifically for (p, d) = (6, 3) in a three-level
ladder excitation scheme. We use the MCRE approach
in order to simulate the two-photon excitation with near-
resonant lasers, and confirm the distribution f (ν) yielded
by the hard ball model. Finally in section IV, we de-
velop a model of the probe light transmission through an
atomic gas driven in configuration of electromagnetically
induced transparency involving a Rydberg state (Ryd-
berg EIT), with statistical modeling of the interactions
based on Le´vy distributions. The simulated transmis-
sion spectra match closely those obtained directly by the
MCRE approach, and are in good agreement with exper-
imental data acquired as in reference [25].
II. LEVY STATISTICS OF INTERACTING
PARTICLES
A. Le´vy statistics of independent point-like
particles
This subsection provides a reminder on the distribu-
tions of energy level shifts f (ν) for randomly distributed
point-like particles interacting via −Cp/Rp pair-wise po-
tentials. We assume Cp < 0 for convenience, although all
the calculations presented in this section are also valid
for Cp > 0, as long as the change of sign is properly
taken into account in all the expressions of the distribu-
tion functions.
As demonstrated in Appendix A for any isotropic in-
teraction of −Cp/Rp type and any dimension d, d/p < 1,
the distribution f (ν) is equal to the Le´vy stable distribu-
tion fα,λ0 (ν), whose Laplace transform takes the simple
form
Lα,λ0(t) = exp (−λ0 tα) . (2)
The two parameters in this equation are α = d/p, and
λ0 =
Γ(1 − d/p)Sd
d
(−Cp/h)
d
p nr, (3)
where nr is the density of interacting particles, Γ stands
for the Gamma function and Sd is the unit surface in
d-dimension, namely S1 = 2, S2 = 2π, or S3 = 4π.
In the case (p, d) = (6, 3), the distribution of shifts
f (ν) is therefore given by the following distribution, ob-
tained long ago and known as Le´vy distribution or van
der Waals profile [9]
f1/2,λ0(ν) =
λ0
2
√
π
ν−3/2 e
−λ2
0
4 ν , (4)
where λ0 simplifies in this case to
λ0 =
4π3/2
3
√
−C6/hnr. (5)
This distribution is highly peaked at νmax = λ
2
0/6 and
possesses a very slow decreasing tail which is mostly due
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FIG. 1. (color online) Comparison between an histogram
of the distribution of energy level shifts f (ν) computed
by Markov Chain Monte-Carlo (MCMC) simulation of hard
balls (black solid line), and the Le´vy distribution function
f 1
2
,λ0×(1+0.26D3b/R33)
(ν) with λ0 =
4π3/2
3
nr
√
−C6/h where
C6/h = −1MHz · µm
6 and nr = 7.07× 10
10 m−3 (red dashed
line). The system is composed of a cube of 33.8 µm edge
length, containing hard balls of diameter Db = 1.05 µm with
Wigner-Seitz radius R3 =
(
1
4/3πnr
)1/3
= Db/0.7 = 1.5 µm,
and periodic boundary conditions are assumed. The his-
togram of f (ν) is realized with the computed data of the
total shift at the center of the cube,
∑ −C6/h
R6
, accumulated
over 8000 different trajectories, with a different initial state
and 200000 Markov chain steps for each trajectory.
to the interaction with the nearest neighbor particle.
Simple analytical expressions of the distribution func-
tions exist for other choices of the parameters p and d
as well, especially for d/p = 1/3 and d/p = 2/3 as given
in Appendix A.
B. Le´vy statistics in the hard ball model
The outstanding question addressed in this subsection
is how the distributions of energy level shifts f (ν) ob-
tained in the previous subsection are modified when the
particles become impenetrable. For this purpose, we con-
sider a system composed of interacting hard balls of radii
Db/2, and perform numerical simulations by Markov
Chain Monte Carlo (MCMC) computations of hard balls,
using an algorithm similar to the so-called Markov-chain
hard-sphere algorithm of Ref. [26]. Remarkably, we find
that the distribution of energy shifts f (ν) remains of
Le´vy stable type to a very good approximation, up to
Db ∼ Rd, where Rd is the Wigner-Seitz radius
Rd ≡
(
d
Sdnr
)1/d
. (6)
As illustrated in Fig. 1 for the particular case of (p, d) =
(6, 3), the numerical simulations are very well fitted by
fα,λ Le´vy stable distributions, where λ is used as a free
3fit parameter, and α = d/p. The λ parameter extracted
from fitting of the simulated distributions verifies the re-
lation
λ = λ0 (1 + g (Db/Rd)) , (7)
where g (Db/Rd) is a correction term which can be writ-
ten in the form of a polynomial of the variable Db/Rd.
At the lowest order, this term writes
g (Db/Rd) ≈ α D
d
b
Rdd
, (8)
where α ∼ 0.3 when (p, d) = (6, 3), as shown in Fig. 2.
The asymptotic form of the distribution f (ν) can be re-
covered analytically in the limit of small Db/Rd as shown
in Appendix A. We find that for any interaction exponent
p and dimension d, d/p < 1, the distribution of energy
shifts f (ν) is given by a Le´vy stable distribution f d
p ,λ
(ν)
of parameter
λ = λ0 (1 + ε nr V (Db)), (9)
with
ε =
2− 2d/p
2
, (10)
and where V (Db) = SdD
d
b/d is the d-dimensional volume
of a ball of radius Db. This analytical approximation
is in good agreement with Monte-Carlo simulations at
small Db/Rd ratios, as illustrated in Fig. 2 for the case
(p, d) = (6, 3) where α ≈ ε. The higher order terms at
large Db/Rd ratios are still under investigation, but they
seem to account only for a small additionnal correction,
as illustrated in Fig. 2 as well. The lowest order depen-
dence on the exclusion volume V (Db) is not surprising
as it appears also in the derivation of the second Virial
coefficient of the equation of state of a van der Waals
gas [26]. The shift of the distribution peak to a higher
frequency, from νmax = λ
2
0/6 to λ
2/6, is a manifesta-
tion of the ordering at higher Db, as correlations tend
to decrease the probability for a region locally empty of
hard balls. The long tail of the distribution, which varies
as ν−3/2 for large shifts in Fig. 1, is due mostly to the
presence of the nearest neighbor. Indeed, since the level
shift is calculated at a particular position chosen inde-
pendently from the positions of the hard balls, the tail
of the distribution still varies as in the case of point-like
particles.
III. LE´VY STATISTICS OF LASER EXCITED
RYDBERG ATOMS
As shown in the previous section, the distribution of
energy shifts f (ν) is given in excellent approximation
by a Le´vy stable distribution for a system of hard balls
interacting via −Cp/Rp long-range potentials, in any di-
mension d such that d/p < 1. While restricting the dis-
cussion in this section to the case (p, d) = (6, 3), we show
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FIG. 2. (color online) Correction term g(x), as a function of
x = Db/R3. The analytical approximate curve (red solid line)
is given by g(x) = ε x3 with ε = 2−
√
2
2
. The data points (blue
circles) are extracted from fitting of the simulated energetic
distributions f (ν) to a Le´vy distribution f 1
2
,λ0×(1+g(x))(ν) of
parameter λ0 × (1 + g(x)). The distributions f (ν) are simu-
lated with MCMC computations as in Fig. 1, at fixed particles
density, and with various Db. The fit of the data points to a
model curve of the form g(x) = αx3+β x5 gives α = 0.281 ≈ ε
and β = −0.044 (black dashed line).
that the steady-state distribution of shifts f (ν) is also a
Le´vy distribution in a system of laser excited Rydberg
atoms, where the Rydberg atoms interact via −C6/R6
long-range potentials. In this system, the dipole block-
ade prevents the excitation of pairs of Rydberg atoms
with interatomic distances r shorter than the blockade
distance Db. As a result of the blockade, the radial pair-
correlation function g2(r), characterizing the probability
of having one Rydberg atom at a distance r from an-
other Rydberg atom, is very similar to that obtained for
a system of hard balls of radii Db/2, but has a smoother
transition at the distance r ∼ Db. We will study in this
section the analogies between the distribution of shifts in
these two systems, but also the slight differences resulting
from the dynamics of the laser excitation.
A common method for producing Rydberg atoms,
shown in Fig. 3, consists of a ladder scheme of excitation
with two lasers (1) and (2), coupling the |g〉 ↔ |e〉 and
|e〉 ↔ |r〉 transitions, respectively, where |g〉, |e〉 and |r〉
are three atomic levels, ground, intermediate and Ryd-
berg, respectively. Without loss of generality, we only
study the case of 87Rb atoms, with the three energy
levels |g〉 = |5s1/2〉, |e〉 = |5p3/2〉 whose decay rate is
Γe/2π = 6.067 MHz, and |r〉 = |ns〉, where the prin-
cipal quantum number n can be varied for tuning the
C6 parameter [27]. Furthermore, we consider an ho-
mogeneous gas of ultra-cold atoms at atomic densities
nat ≤ 5 × 1011 m−3, and the laser fields (1) and (2) are
assumed to be classical.
We calculate the distribution of shifts f (ν) at the po-
sitions of atoms i in states |g〉 and |e〉, which is of most
relevance when considering the laser excitation to Ryd-
berg state of such atoms i in the midst of atoms j already
4excited to Rydberg state. The steady-state distribution
of energy level shifts is computed using the MCRE ap-
proach, and according to the method described in refer-
ence [17] and summarized in Appendix B. The MCRE
approach is a well-known method for computing the ex-
citation dynamics in such a system, which can provide
approximate results when the system quickly relaxes to
the steady state as is the case for near-resonant excita-
tion [13, 28]. As can be seen on Fig. 4 for the conditions
|r
|e
|g
2
1
Δ1
Δ2
FIG. 3. (color online) Scheme for laser excitation of ground
state atoms to a Rydberg state as used in the Monte Carlo
rate equations (MCRE) computation. Two laser beams with
Rabi frequencies Ω1 and Ω2 are detuned ∆1 and ∆2 from
the resonance of the |g〉 → |e〉 and |e〉 → |r〉 transitions,
respectively.
indicated in the figure caption, the distribution of energy
shifts f closely resembles a Le´vy distribution
f(ν) ≈ f 1
2
,λ0(1+α 43πnrD3b)
(ν), (11)
where α ∼ ε ∼ 0.3, while nr = fr nat is the density of
Rydberg atoms proportional to the fraction of atoms in
the Rydberg state fr and the atomic density nat. More-
over, in Eq. (11), Db is the blockade distance, which we
define rigorously as the distance that satisfies
̺rr
(
C6/h
D6b
)
=
̺rr(0)
2
, (12)
where ̺rr (−ν) is the single-atom Rydberg population
calculated for a given Rydberg energy level shift hν, as
obtained from the solution ̺ of the single-atom master
equation reminded in Appendix B. The profound anal-
ogy between the hard ball model and the real physical
system becomes obvious when looking at the radial pair-
correlation function in the inset of Fig. 4, and this is the
main reason why the distributions of energy level shifts
in both systems look alike.
Next, we come to the range of validity of the approx-
imation of the distribution of shifts by a Le´vy distribu-
tion. In the hard balls model, f (ν) is given in excel-
lent approximation by a Le´vy stable distribution, up to
densities of the order nr ∼ nb = 3/(4πD3b), which cor-
responds to R3 down to R3 ∼ Db. Actually, this condi-
tion corresponds to a density of interacting particles that
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FIG. 4. (color online) Comparison between an histogram of
the distribution of energy shifts f (ν) computed using the
MCRE approach (black solid line) and the Le´vy distribu-
tion f 1
2
,λ0×(1+0.31D3b/R33)
(red dashed line). The system is
composed of a cube containing 1000 atoms at a ground state
density of nat = 10
11 m−3 and the computation is carried out
with periodic boundary conditions. f (ν) corresponds here to
the distribution for an equilibrium excitation of 87Rb atoms,
with Ω1/2π = 1.6 MHz, Ω2/2π = 5.6 MHz, ∆1 = ∆2 = 0,
Rydberg state |r〉 = |38s〉, and decay rate of atomic coher-
ences γge ≈ Γe/2 and γgr/2π = 0.1 MHz. The Wigner-
Seitz radius is equal to R3 =
(
1
4/3πnr
)1/3
∼ Db/0.67, where
Db = 2.4 µm. The histogram is plotted with the Rydberg
energy level shifts of all the atoms excluded the ones that
are in the Rydberg state, computed over 23 different trajec-
tories, with nearly 1300 Monte Carlo time steps each. The
inset shows the radial pair-correlation function g2(r) in this
system (black solid line), compared to that of the ideal system
of hard balls of diameter Db obtained considering the same
density nr (red dashed line). Both pair-correlation functions
are computed with Monte-Carlo simulations.
is already relatively high, knowing the densest possible
packing of hard balls is obtained for the honeycomb lat-
tice where R3 = Db/
(
4π
√
2/3
)1/3 ∼ Db/1.8. In laser
excitation of Rydberg atoms, at most one Rydberg atom
can be excited per blockade volume V (Db) = 4πD
3
b/3
as given by the super-atom model, which translates into
the condition R3 ≥ Db [16, 17]. Densities slightly larger
are achievable in our system, as we obtained with the
MCRE computation, and in agreement with recent simu-
lations [17]. However we can easily verify that our system
does not draw near close packing where the distribution
of shifts would be fundamentally altered.
In order to verify more systematically the approxima-
tion of the distribution of shifts by a Le´vy distribution,
we have simultaneously varied the total atomic density
nat in the range of 0.5 to 2 × 1011 cm−3 and C6/h in
the range of −0.8MHz · µm6 to −2500MHz · µm6, for
different choices of (∆1,Ω1,Ω2), while keeping ∆2 = 0.
We have also varied simultaneously the detuning ∆1/2π
from -3 to +3 MHz, the Rabi frequency Ω1/2π from 1.5
to 6 MHz, and the Rabi frequency Ω2/2π from 1 to 6
MHz, while keeping ∆2 = 0. We find that the distribu-
5tions f(ν) are well approximated by Le´vy distributions
f1/2,λ(ν) of parameter
λ ≈ λ0
(
1 + α
D3b/R
3
3
ρ
(S)
gg + ρ
(S)
rr D3b/R
3
3
)
(13)
where ρ
(S)
gg and ρ
(S)
rr are the steady state population solu-
tions of the single-atom master equation, and α is nearly
equal to ε. To characterize the quality of the fit by a Le´vy
distribution, we calculate the total variation distance
D =
∫ +∞
0
dν |f(ν)− f1/2,λ(ν)|/2, (14)
and find D < 0.07 for all the tested conditions. Since
Db/R3 reaches as much as 1.15 in the simulated set of
data, we can conclude with reasonable certainty that
the Le´vy distribution constitutes a good approximation
for our system. In condition of Rydberg EIT, we have
Ω1 ≪ Ω2, hence ρ(S)rr ≪ ρ(S)gg , which means λ indeed has
the form shown in Eq. (11). It is interesting to note that
at the opposite limit, Ω1 ≫ Ω2, we have ρ(S)rr ≫ ρ(S)gg ,
and λ ≈ λ0(1 + α). α is nearly constant in the range
of parameters covered by our simulations except for a
small variation from 0.2 to 0.4 versus detuning ∆1. This
variation may be due to the pair correlation function en-
hancement on the blue two-photon detuning ∆1+∆2 > 0
[29, 30], and is still under investigation.
An important conclusion drawn from this calculation
is that the distribution f (ν) of level shifts in this system
closely matches a simple Le´vy distribution. The effect
of the dipole blockade is accounted almost entirely in a
single coefficient α ∼ ε given by Eq. (10), although we
have identified an important correction to the expected
hard ball model in the limit of Ω1 ≫ Ω2. Generally, the
distribution of shifts directly reflects on the resonance
profiles that can be measured by spectroscopy, hence the
simulation results reported here could be easily tested. In
principle, it is possible to fully probe certain distribution
of shifts by measuring the fraction f ′r of atoms excited
to a Rydberg state |n′s〉 versus frequency detuning of an
excitation laser, ∆ν, and in presence of atoms already
excited to another state |ns〉
f ′r (∆ν) =
∫ +∞
0
P ′r (∆ν − ν) f (ν) dν ∝ f (∆ν) , (15)
where the single-atom probability of excitation to |n′s〉,
P ′r, is assumed to be a very narrow function compared
to the distribution of shifts f , as realized for example in
conditions of weak driving.
IV. LE´VY STATISTICS APPLIED TO
RYDBERG EIT
Many experimental and theoretical studies have inves-
tigated the effects of dipolar interactions on Rydberg
EIT-like spectra [13–17, 31–35]. Recently, it has been
demonstrated that the energy level shifts in an interact-
ing Rydberg gas are responsible for a readily observable
spectral shift of the EIT transparency window, in addi-
tion to the strong dephasing that was observed in previ-
ous experiments [25, 36]. The purpose of this section is
to show that a light propagation model based on Le´vy
statistics can capture most of the features observed ex-
perimentally.
Rydberg EIT consists in driving the two transitions
of Fig. 3, with weak probe (1) and strong coupling (2)
near-resonant lasers. For clarity, subscripts 1 and 2 of
the previous section will be replaced by subscripts p and
c, respectively. The propagation of the probe light in an
EIT medium is generally well described within the frame-
work of coupled Maxwell-Bloch equations. In the follow-
ing analysis, we only consider the case ∆c = 0. More-
over, the kinetics of the atoms is neglected, while steady
state equilibrium of the excitation is still assumed, as it
is reached on a timescale much shorter than the dura-
tion of the typical experiment. The system is assumed to
be sufficiently large and homogeneous to apply the local
density approximation. We consider the field as classi-
cal and neglect photon-photon correlations, while light
modulation instabilities are also neglected [34], which is
consistent with the atomic densities and light intensi-
ties used in Ref. [25]. Finally, we will neglect any lens-
ing or diffraction effects [37]. Consequently, Maxwell’s
equations reduce after applying the slow envelope ap-
proximation to the following one-dimensional differential
equation for the probe field [37]
∂zEp (z) = ik
2
χ (z)Ep (z) , (16)
where χ (z) is the atomic susceptibility along the probe
beam propagation direction z, and Ep (z) is the ampli-
tude of the probe field. Then, for a dilute gas, the probe
intensity Ip is simply obtained from the differential equa-
tion
∂zIp ≈ −kIm [χ] Ip. (17)
In principle, the calculation of the susceptibility involves
the solution of the full master equation of the many-body
system. In our system, the susceptibility χ can be ap-
proximated as a local spatial average over the optical
responses of the different atoms. In a simple manner,
the susceptibility can be written as the following average
over interaction configurations 1
χ = (1− fr)
∫ +∞
0
χ0(ν)f(ν)dν, (18)
1 A simple relation between χ, the Rydberg fraction fr , the two-
level atom susceptibility χ2L, and the three-level atom suscepti-
bility χ0 was found from Monte-Carlo simulations [13, 17], which
is however verified only for zero probe detuning.
6where f(ν) is the distribution function of energy level
shifts due to the Van der Waals interaction, fr is the
averaged Rydberg population fraction, and χ0(ν) is the
single-atom 3-level susceptibility calculated at a given
Rydberg energy level shift h ν or equivalently for an effec-
tive coupling laser detuning ∆c = −2πν (cf. Appendix
B for a more detailed definition of χ0). As f(ν) is given
in a very good approximation by the Le´vy distribution
f 1
2
,λ0(1+ε 43πnatfrD3b)
with λ0 =
4π3/2
3
√
−C6/hnatfr, only
the knowledge of fr is needed in Eq. (18) in order to
calculate the susceptibility. According to the super-atom
model [16, 17, 33], a reasonable analytical approximation
for fr is obtained from the following equation
fr =
f0
1− f0 + f0natVB , (19)
where VB =
4
3πD
3
b is the volume of the blockade sphere
of radius Db, and f0 ≡ ̺rr(ν = 0) is the Rydberg popu-
lation fraction in absence of interactions.
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FIG. 5. (color online) Imaginary part of the susceptibility and
|38s〉 Rydberg state population fraction fr for an ensemble of
interacting atoms at a density of nat = 1.25 × 10
11 cm−3,
driven in configuration of EIT with probe field Rabi fre-
quency Ωp/2π = 1.45 MHz and coupling field Rabi frequency
Ωc/2π = 5.6 MHz. The plotted curves are as follows: Im [χ]
obtained from Eq. (18), where the Rydberg fraction fr is cal-
culated with Eq. (19) (red dotted line); Im [χMC ] computed
with the MCRE simulation over 800 atoms in a square box
(black thin solid line); the population fraction in the Rydberg
state fr obtained directly with the MCRE simulation (black
thick solid line); and the approximate Rydberg population
fraction fr as given by Eq. (19) (green dashed line).
The imaginary part of the susceptibility as calculated
with Eqs. (18) and (19), Im [χ], may be directly com-
pared to that obtained from MCRE simulations
Im [χMC ] =
~nat
IpΓe
fe, (20)
where fe is the average intermediate state population
fraction, and nat is the atomic density. Although none of
the two approaches yield exact solutions for the suscepti-
bility, they lead to very similar results, as shown in Fig.
5, except for a small discrepancy near the Autler-Townes
resonances. There is actually a larger mismatch on the
blue detuning side of the |g〉 → |e〉 transition when we
compare the Rydberg population fractions given by Eq.
(19) and that yielded by the MCRE simulation, as shown
in Fig. 5. The susceptibility, proportional to the inter-
mediate state population fraction, is however not very
sensitive to the Rydberg population fraction at such de-
tuning, where the rate of single-photon excitation is high.
This explains the good agreement between Im [χ] and
Im [χMC ] even for probe detuning on the blue side of the
|g〉 → |e〉 transition.
We have seen so far how Le´vy statistics may be used
successfully for describing Rydberg EIT by comparison
to MCRE computations. In order to fully validate the
approach, we provide in the following paragraph a di-
rect comparison between the simulation and some ex-
perimental data acquired in conditions as described in
reference [25]. In the experiment of reference [25], trans-
mission spectra of the probe light passing through an
atomic cloud driven in conditions of Rydberg EIT were
acquired as a function of probe detuning ∆p, while keep-
ing ∆c = 0. A couple of such experimental spectra are
shown in Fig. 6 along with spectra calculated using Eq.
(17). The spectra simulated from Eq. (17) with the
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FIG. 6. (color online) Comparison between the probe trans-
mission spectra acquired in an experiment similar to that of
reference [25] and generated by theoretical models. The ex-
perimental spectra are acquired with a coupling field Rabi
frequency of Ωc/2π = 5.6 MHz, an input probe field Rabi fre-
quency of Ωp0/2π = 1.45 MHz, the Rydberg state |r〉 = |38s〉,
and in the case of two different Gaussian atomic clouds. The
first one is of 1/e2 radius wz = 51 µm with peak atomic
density, n0 = 0.38 × 10
11 cm−3 (•), while the second one
is of 1/e2 radius wz = 24 µm with peak atomic density
n0 = 1.76 × 10
11 cm−3 (). The dashed lines are generated
by the Le´vy statistics model with the corresponding experi-
mental parameters as inputs while the solid lines are obtained
using the MCRE approach (see text).
approximate susceptibility of Eq. (18) are in good agree-
ment with the experimental ones as shown in Fig. 6.
They are also very similar to the spectra computed from
Eq. (17) with the input of χMC . In conclusion, Eqs.
7(17), (18), and (19) yield reliable and easily computable
results, which capture most of the experimental features.
It can be verified further that this model predicts the dis-
appearance of the EIT spectral shift for long Gaussian
atomic samples, as was observed in Ref. [25]. There is
a slight discrepancy between experimental and simulated
data for larger atomic densities, similar to that observed
with the enhanced mean-field model of Ref. [25]. It may
be due to motion induced dephasing, which should be ac-
counted for with a dynamical model beyond the scope of
the frozen gas approximation assumed in this section [28].
V. SUMMARY
The distribution of energy shifts in a gas of interacting
Rydberg atoms was shown to follow a simple Le´vy-type
distribution which depends mostly on the Rydberg atom
density nr, the interaction strength Cp, and the block-
ade distance Db. Based on this result, we have demon-
strated that the recent observation of spectral shift and
dephasing of Rydberg EIT spectra in presence of strong
Rydberg interactions is well captured by a model where
the susceptibility is calculated as a statistical average.
Spectroscopic measurements of the distribution of energy
level shifts in an interacting Rydberg gas should provide
a complete test of the theory presented in this article.
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Appendix A: Analytical derivation of the Le´vy
stable distribution
1. Mathematical definition of Le´vy stable
distributions
A Le´vy stable distribution gα,s with exponent α ∈
(0, 1) and scale s > 0 is a distribution on ν ∈ (0,∞)
with Laplace transform
∫ ∞
0
e−t ν gα,s(ν) dν = exp {−(s t)α}.
For notational convenience, we introduce the parame-
ter λ ≡ sα, write the Laplace transform as Lα,λ(t) ≡
exp (−λ tα), and define fα,λ(ν) ≡ gα,s(ν). The generic
example is the Le´vy (van der Waals) distribution
f1/2,λ(ν) =
λ
2
√
π
ν−3/2 e−λ
2/(4ν).
Other simple examples are
f1/3,λ(ν) =
λAi
(
31/3λ
ν1/3
)
31/3 ν4/3
,
where Ai stands for the Airy function, and
f2/3,λ(ν) =
2
√
3λ3
27πν3
e
−2 λ3
27 ν2
[
K1/3
(
2λ3
27 ν2
)
+K2/3
(
2λ3
27 ν2
)]
,
expressed with modified Bessel functions of the second
kind [38].
2. Distribution of energy shifts : point-like
particles
We consider an energy of the type
(Energy) ≡
n∑
k=1
1/‖Xk‖p
where {Xk}k are the positions of n = nr V (independent)
atoms uniformly distributed in the ball B(R) ⊂ Rd of
radius R and volume V (R) = d−1 SdR
d; the notation Sd
indicates the surface of the unit sphere in Rd, and we
assume that 0 < d/p < 1. The Laplace transform of the
energy reads (for t > 0)
L(t) =
(
V −1
∫
B(R)
e−t/r
p
d~r
)n
=
(
1− V −1
∫
B(R)
(
1− e−t/rp
)
d~r
)n
=
(
1− nr Sd
n
∫ R
0
(
1− e−t/rp
)
rd−1 dr
)n
→ exp
{
−nr Sd
∫ ∞
r=0
(
1− e−t/rp
)
rd−1 dr
}
= exp
{
−nr Sd p−1 td/p
∫ ∞
u=0
(
1− e−u)u−d/p du
u
}
= exp
{
−nr Sd Γ(1 − d/p)
d
td/p
}
≡ L d
p ,λ0
(t),
where the limit was taken for n → ∞ at fixed density
nr. The final result L d
p ,λ0
(t) is the Laplace transform of
a Le´vy stable distribution with exponent α = d/p and
parameter
λ0 ≡ nr Sd Γ(1− d/p)
d
.
8This result is a particular case of the more general
theory of the sum of independent and random variables
having ‘heavytail’ probability distributions with power-
law dependence [1]. The probability distribution of the
energy is indeed that of a sum of random variables
Yk = 1/‖Xk‖p with power-law dependent probability dis-
tributions
fYk(y) =
d
pRd
1
y1+d/p
.
3. Distribution of energy shifts : hard ball model
A full analytical derivation of the distribution of en-
ergy shifts for non-independent distributions of parti-
cles is beyond the scope of this article. We emphasize
here the main arguments leading to the derivation of the
coefficient ε of Eq. (10) in case where the parameter
η = nr d
−1 SdD
d
b is small and considering a simplified
system of hard balls of radii Db/2 in R
d. The calculation
is based on the cluster expansion used for example for
the derivation of the first corrections to the equation of
state of a van der Waals gas [26, 39].
Again, the analytical derivation of the distribution of
energy shifts relies on the computation of its Laplace
transform as
L⋆(t) =
1
Z
∫
B(R)n
∏
j<k
(1− γ(~rk, ~rj)) e
−t ∑ni=1 1rp
i d~r1 . . . d~rn
where 1− γ(~rj , ~rk) is equal to 0 for |~rj − ~rk| ≤ Db and 1
otherwise. Z is the partition function given by :
Z =
∫
B(R)n
∏
j<k
(1− γ(~rj , ~rk)) d~r1 . . . d~rn.
The first order approximation consists in dropping all the
products involving two γ functions from the integrands,
that means
∏
j<k
(1− γ(~rj , ~rk)) ≈ 1−
∑
j<k
γ(~rj , ~rk).
With this approximation, the partition function reduces
to
Z ≈ V n
(
1− n− 1
2
η
)
≡ V n (1− ζ).
This result is valid in the limit of small enough η and
n such that the correction to the partition function re-
mains relatively small. Further, the number of atoms n
will be assumed sufficiently large in order to calculate
asymptotic behaviors while still having
ζ =
n− 1
2
η ≪ 1.
This approximation yields that
L⋆(t) ≈ 1
V n (1− ζ)
∫
B(R)n

1−∑
j<k
γ(~rk, ~rj)

{exp
(
−t
n∑
i=1
1/rpi
)}
d~r1 . . . d~rn
≈ 1
1− ζ L dp ,λ0(t)−
n(n− 1)
2(1− ζ)
{
1
V 2
∫
B(R)2
e−t(1/r
p
1
+1/rp
2
) 1|~r1−~r2|<Dbd~r1d~r2
}(
1
V
∫
B(R)
e−t/r
p
d~r
)n−2
≈ 1
1− ζ L dp ,λ0(t)

1− n(n− 1)2V A(t, d,Db)
(
1
V
∫
B(R)
e−t/r
p
d~r
)−2
,
where on the one hand we have
A(t, d,Db) =
1
V
∫
B(R)2
e−t(1/r
p
1
+1/r
p
2
) 1|~r1−~r2|<Dbd~r1d~r2
≈
SdD
d
b
dV
∫
B(R)
e−2 t/r
p
1d~r1
=
SdD
d
b
d
{
1−
nr Sd
n
∫ ∞
r=0
(
1− e−2 t/r
p
)
rd−1 dr
}
=
SdD
d
b
d
{
1 +
1
n
logL d
p
,λ0
(2 t)
}
=
SdD
d
b
d
{
1− 2d/p
λ0 t
d/p
n
}
,
9and on the other hand and very similarly, we have
(
1
V
∫
B(R)
e−t/r
p
1d~r1
)−2
=
(
1 +
1
n
logL d
p
,λ0
(t)
)−2
≈ 1 +
2
n
λ0 t
d/p.
Substitution of the last two results back into L⋆(t), and
using the assumptions ζ ≪ 1 and ζ/n ≈ η/2 yield that
L⋆(t) ≈ L d
p ,λ0
(t)
(
1− ζ 2− 2
d/p
n
λ0 t
d/p
)
≈ L d
p ,λ0
(t) +
d
dλ
L d
p ,λ0
(t)×
(
ζ
n
(2− 2d/p)λ0
)
≈ L
d
p ,λ0 (1+
2−2
d/p
2
η)
(t).
In other words, in Rd and with interaction potentials
varying as 1/rp, effects of finite ball size on the distribu-
tion of energy shifts are entirely accounted for as a shift
of the parameter λ0,
λ0 7→ λ0 (1 + ε nr V (Db)).
with ε = 2−2
d/p
2 and V (Db) the exclusion volume of a
ball of radius Db.
This analytical result seems to hold for somewhat
larger Db than given by the range of validity of the
present calculation. Indeed, the condition n × η/2 ≪ 1
for large n up to 10 is equivalent to
(
Db
Rd
)d
≪ 15 , i. e.
Db cannot be larger than a small fraction of the inter-
atomic distance Rd, whereas the simulation by Markov
chain Monte-Carlo of hard balls in Fig. 2 gave a similar
correction ∼ λ0 × ε nr V (Db) up to Db ≈ 0.7R3.
Appendix B: Comparison between the Le´vy model
and Monte Carlo rate equations
The aim of this Appendix is to come back to the dif-
ferent approaches for computing the imaginary part of
the susceptibility as in Fig. 5. MCRE is based on the
computation of single atom transition rates that depend
on the Rydberg energy shift of each atom in the pres-
ence of surrounding atoms already excited to Rydberg
state. With the ladder configuration of excitation with
near-resonant lasers of Fig. 3, performing the adiabatic
elimination of atomic coherences on the master equation
in order to derive rate equations suitable for Monte Carlo
simulations fails as it may yield negative transition rates
even for a non interacting system. For simulations that
are interested only in steady state solutions, this problem
can be overcome by considering strictly positive transi-
tions rates that evolve a system of non-interacting atoms
into the correct single atom steady states but does not
reproduce properly the states of the system at interme-
diate time steps [13, 17]. More precisely, the state vector
of the single atom populations, ρ(t) = (ρgg, ρee, ρrr)
T
is
assumed to obey rate equations
dρ
dt
= Bρ,
where B is a well-designed matrix having positive off
diagonal elements ensuring transition rates between
two different states are always positive, and ρ(∞) =(
ρ
(S)
gg , ρ
(S)
ee , ρ
(S)
rr
)T
equals the steady state populations of
the single atom master equation. This rate equations
solution is readily extended to the case of an ensemble
of interacting atoms by calculating the effect of energy
shifts on the matrix B, locally and at each time step of
the computation, i. e. computing the effect of the detun-
ing change −2πνi of laser (2) in Fig. 3, where νi is given
in Eq. (1).
In Fig. 5, the intermediate state population fraction
fe is used in order to calculate the susceptibility from the
simple formula
Im [χMC ] = fe
~cnat
IpΓe
,
and is obtained directly from MCRE computation with
the B matrix of reference [14]
B =

ρ
(S)
gg − 1 ρ(S)gg ρ(S)gg
ρ
(S)
ee ρ
(S)
ee − 1 ρ(S)ee
ρ
(S)
rr ρ
(S)
rr ρ
(S)
rr − 1


This simple form of the matrix tends to define very large
transition rates. Other matrices exist, exhibiting tran-
sition rates yielding time evolutions of the single-atom
populations that are closer to the real ones [13].
In Fig. 5 is also plotted fe =
IpΓe
~cnat
Im [χ], where Im [χ]
writes
Im [χ] = (1− fr)
∫ +∞
0
Im [χ0(ν)] f(ν)dν, (B1)
In this expression of Im [χ], f(ν) is a weighting distri-
bution depending on ν, the local shift of the Rydberg
energy level, fr is the Rydberg atom fraction, while χ0
is the non interacting 3-level atom susceptibility for the
probe light. χ0 is given as below
χ0 = −
2natd
2
eg
ε0~Ωp
̺eg, (B2)
where deg is the dipole matrix element for the |g〉 →
|e〉 transition, nat is the atomic density, assumed locally
uniform, and Ωp = −degEp/~ is the Rabi frequency of
the probe field. ̺eg is the atomic coherence, given by the
solution of the single-body master equation
∂t̺ = − i
~
[h, ̺] + L̺,
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where h is the Hamiltonian of interaction with the probe
and coupling lights. L̺ is a set of Liouvillians simulating
the effects of the dissipative processes
L̺ ≈− Γe
2
(|e〉〈e|̺+ ̺|e〉〈e| − 2|g〉〈e|̺|e〉〈g|)
− γd (|g〉〈g|̺|r〉〈r| + |r〉〈r|̺|g〉〈g|)
− γd (|e〉〈e|̺|r〉〈r| + |r〉〈r|̺|e〉〈e|) .
The atomic coherences ̺gr and ̺rg decay with a rate γd
which is of the order of γ0/2π = 0.1 MHz in absence of
interactions. In Fig. 6, we use a slightly larger value for
the decay rate of atomic coherence, γd/2π = 0.6 MHz,
in order to account for residual effects of motional de-
phasing induced by dipolar forces. The Rydberg atom
fraction fr in Eq. (B1) may be obtained via Eq. (19)
from the knowledge of f0 ≡ ̺rr (ν = 0), the Rydberg
atom fraction absent any interaction, and VB the volume
inside a blockade sphere. In our simulations, Eqs. (B1)
and (19) are solved with χ0, f0, and VB calculated to all
orders in Ωp.
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